In this work we evaluate certain multiple sums of the zeros for the Bessel function J ν (z), the Airy function A(z), the Riemann zeta function ζ (z), L-series L(s, χ ) with real primitive characters, Ramanujan's entire function (a.k.a. q-Airy function) A q (z), and the q-Bessel function J (2) ν (z; q).
Introduction
Given an entire function, it is interesting to find various sums of its zeros. Generally speaking, it is relatively easy to calculate the multiple sums and hard to find the power sums. In this work, we first prove an identity for a class of entire functions that is very similar to Viéte's formulas for the polynomials. This identity leads to closed form evaluations for certain multiple sums of the zeros of the Bessel function J ν (z), the Riemann zeta function ζ (z), L-series L(s, χ ) with real primitive characters, Ramanujan's entire function (a.k.a. q-Airy function) A q (z), and the q-Bessel function J (2) ν (z; q). for all n ∈ N and all z ∈ C that is not a member of the sequence {λ
Lemma 1 Given a sequence of non-zero complex numbers {λ
. In particular, we have σ 0 = 1 and
for n ∈ N. Let
then for n ∈ N, we have
Proof Clearly, (1.1) converges absolutely and uniformly on any compact subset of C. Thus, f (z) is an entire function and we have
Assume that (1.1) is true for some positive integer n, or
,
The first sum within the braces could be split into several sums according to whether k equals one of these k 1 , . . . , k n or in one of the (n + 1) intervals:
It is clear that the n sums in the first case cancel out the last n negative sums within the braces, while each of the (n + 1) sums obtained from the last case, after renaming the dummy variables, equals
, which implies that (1.1) holds for (n + 1), and (1.1) is true for all n ∈ N by the principle of induction. Observe that
We get (1.3) by equating the corresponding coefficients of z n . Equation (1.4) is obtained from (1.3) by solving for {s 1 /c, s 2 /c 2 , . . . , s n /c n } with Cramer's rule.
Applications

Sine function sin(z)
We take
which is known, see [4] . In this case s k was calculated by Euler [3] ,
where B 2k is the 2kth Bernoulli number defined by
Then, apply (1.4) with c = − π 2 to get
which is also known.
Bessel function J ν (z)
The Bessel functions J ν (z) is defined as
For ν > − 1, it is well known that all the zeros of the entire function z −ν J ν (z) are real and simple. We denote the positive zeros as
in Lemma 1 to obtain
Apply (1.4) with c = − 1 4 to get 
Here are the first few s n s, [11] ,
Airy function A(z)
The Airy function
√ 3 has infinitely many real zeros, all of them are positive and simple [1, 8, 10] . Let us denote them as
It is also known that
as ν → ∞. From the infinite product expansion for Ai(z) we get [10] 9 (
The product formula 
to obtain m n = 3
Then,
where
The first five s n s are 2 ,
q-Bessel function J (2) ν (z; q)
Assume that 0 < q < 1, let
has only real zeros. Let
be the positive zeros, it is known that
and
The first three s n s are 
It is known that all the zeros of A q (z) are positive and simple. Let
.
, k ∈ N in Lemma 1 to get 
Zeta functions
The Riemann zeta function ζ (s) is defined as [5, 9] ζ(s) = 
